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Optimization of high‐reliability‐based hydrological design
problems by robust automatic sampling of critical model
realizations
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[1] This study demonstrates the high efficiency of the so‐called stack‐ordering technique
for optimizing a groundwater management problem under uncertain conditions. The
uncertainty is expressed by multiple equally probable model representations, such as
realizations of hydraulic conductivity. During optimization of a well‐layout problem for
contaminant control, a ranking mechanism is applied that extracts those realizations
that appear most critical for the optimization problem. It is shown that this procedure
works well for evolutionary optimization algorithms, which are to some extent robust
against noisy objective functions. More precisely, differential evolution (DE) and the
Covariance Matrix Adaptation Evolution Strategy (CMA‐ES) are applied. Stack ordering
is comprehensively investigated for a plume management problem at a hypothetical
template site based on parameter values measured at and on a geostatistical model
developed for the Lauswiesen study site near Tübingen, Germany. The straightforward
procedure yields computational savings above 90% in comparison to always evaluating the
full set of realizations. This is confirmed by cross testing with four additional validation
cases. The results show that both evolutionary algorithms obtain highly reliable
near‐optimal solutions. DE appears to be the better choice for cases with significant noise
caused by small stack sizes. On the other hand, there seems to be a problem‐specific
threshold for the evaluation stack size above which the CMA‐ES achieves solutions with
both better fitness and higher reliability.
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1. Introduction

[2] Hydrological modeling always involves dealing with
uncertainties. Well‐known in groundwater modeling is
the uncertainty of spatially distributed parameters such as
hydraulic conductivity. In most cases the values of such
a parameter field have to be determined from a few point
measurements that are transformed into a spatial distribution
by expert judgment or pattern simulation (e.g., geostatistics).
[3] In the popular Monte Carlo framework, numerous

equally probable realizations of a parameter field are gen-
erated instead of only one deterministic model configura-
tion. The uncertainty of the model output or its prediction is
then estimated by constructing a probability distribution
from the total number of model predictions. Obviously, the
computational effort for obtaining such a model prediction
with uncertainty quantification then increases proportional
to the number of realizations: a fact that can be prohibitive

when repeated model runs are foreseen [Mantoglou and
Kourakos, 2007; Kourakos and Mantoglou, 2008; Franssen
and Kinzelbach, 2009; Ascough et al., 2008]. This is partic-
ularly important for simulations intended for an optimization
procedure, a so‐called combined simulation‐optimization.
Here the model is used to compute the value of an objective
function or cost function that has to be iteratively evaluated
within the optimization procedure in order to find the optimal
solution. The number of model iterations can be easily in the
range of thousands for a practical optimization problem.
Assuming a set of thousand realizations, this would result in
millions of model simulations for the entire optimization
procedure. Examples for such applications are the optimi-
zation of pumping wells [Bayer and Finkel, 2007; Ng and
Eheart, 2008], the optimization of remediation technolo-
gies [Wagner andGorelick, 1989; Smalley et al., 2000; Zheng
and Wang, 2002; Hu et al., 2007; Ricciardi et al., 2007],
water supply [Cui and Kuczera, 2005; Kirsch et al., 2009],
andmonitoring or sampling networks [Meyer and Brill, 1988;
Zhang et al., 2005; Chadalavada and Datta, 2008].
[4] This study presents a strategy that significantly

reduces the computational effort of combined simulation‐
optimization with multiple realizations. It is based on
automated sampling of a small number of critical reali-
zations. By critical we refer to those model variants that
are most influential for or constrain the optimal solution.
As an illustrative example, let us consider a well capture
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problem: a model simulates the movement of a contami-
nant plume that has to be hydraulically captured by a
down‐gradient well with a fixed position. The objective is
to minimize the pumping rate of this well and still to
guarantee capture for a given set of hydraulic conductivity
realizations. If this set includes all realizations then the
solution is believed to be 100% reliable [e.g., Wagner and
Gorelick, 1989; Vasquez et al., 2000; Ko and Lee, 2008].
For this problem setup (single well with fixed position, cap-
ture for all realizations) there exists one most critical reali-
zation. If the pumping rate is continuously lowered (starting
from a high extraction rate that ensures capture for all reali-
zations), this one is the first of all realizations which shows
a loss of full capture. However, as far as no additional (e.g.,
hydrogeological) knowledge can be utilized, all realizations
have to be modeled one by one in order to recognize this most
critical one [e.g., Morgan et al., 1993].
[5] Hydrological management problems tend to be more

complex than this example. It may be desirable to optimize
well layouts of well galleries, where both pumping rates and
well positions are to be adjusted [Huang and Mayer, 1997;
Hsiao and Chang, 2005; Bayer et al., 2009]. Time‐dependent
solutions may be foreseen with management periods [Chang
et al., 2007; Tilmant and Kelman, 2007; Schütze and Schmitz,
2009], and monetary objectives may be preferred to physical
design criteria [Mayer et al., 2002; Nunes et al., 2004;
Papadopoulou et al., 2003; Becker et al., 2006]. As has been
demonstrated in several of these studies, solving such pro-
blems, which are often nonlinear and nonconvex, requires
suitable optimization algorithms. Heuristics such as evolu-
tionary algorithms have evolved as a method of choice. If
properly applied, these methods can be very robust, reliably
find (close to) optimal solutions, and cope with noise (e.g.,
resulting from the numerical model [Ahlfeld and Hoque,
2008]). All of that, however, comes at the expense of a
considerable number of function calls compared to classic
optimization algorithms (e.g., Gauss‐Newton search) on
sufficiently smooth objective functions. Despite that, their
more general applicability and exclusive features have cre-
ated a broad application field and a huge number of evolu-
tionary algorithm variants have been developed [De Jong,
2006]. Also, problem‐oriented modifications are evolving,
like the ones adapted to the specialties of model‐based
hydrological management [e.g., Smalley et al., 2000; Espinoza
and Minsker, 2006; Guo et al., 2007].
[6] In our previous work we discussed different strategies

to capitalize on evolutionary search to solve multiple reali-
zation‐based problems [Bayer et al., 2008]. The main idea
was to sample not the entire set of potential realizations but
a representative subset and consequently to keep the com-
putational effort low. One simple way is to sequentially use
each realization for the objective function evaluation until
one is found that indicates a constraint violation or a non-
feasible solution. If that is the case, the tested candidate
solution is not desirable and no further analysis regarding
the remaining realizations is necessary. In a hypothetical
freshwater extraction problem, this nearly halved the num-
ber of model runs needed for optimization in comparison to
using the complete realization set.
[7] In other applications, Smalley et al. [2000] and Wu et

al. [2006] demonstrated the efficiency of limiting the rea-
lizations per objective function evaluation to a very small
number (e.g., 4–10). By randomly replacing the realizations

within this evaluation set during each objective function
call, that is, when a new candidate solution is tested, many
more than 4–10 realizations influence the course of the
optimization. Within this procedure the goal remains to find
both highly reliable and close‐optimal solutions, although
random resampling can render the objective function con-
siderably noisy and thus jeopardize the performance of the
search algorithm. Singh and Minsker [2008] further devel-
oped a multiobjective approach that borrows the noisy
genetic algorithm procedure as presented by Smalley et al.
[2000].
[8] This work deals with the so‐called stack‐ordering

method: A small set of realizations (“evaluation stack”) is
sampled from the entire ensemble (“repository stack”) for
each objective function evaluation of the optimization algo-
rithm. Only the realizations of this evaluation stack are
sequentially used for approximating the model prediction.
Depending on the objective function response, realization‐
specific weights are assigned to each (evaluated) realization,
so that potentially critical realizations are automatically
accentuated. These weights (“credits”) are updated in each
new function evaluation. On the basis of the collected indi-
vidual weights, realizations in the evaluation subset are then
probabilistically sampled for each objective function evalu-
ation. This is the main difference to pure random sampling as
utilized by Smalley et al. [2000].
[9] Subsequently, we further develop a stack‐ordering

variant introduced by Bayer et al. [2008] and examine in
detail the appropriate setting of algorithm‐specific para-
meters. Furthermore, two different evolutionary algorithms
are chosen in order to analyze the performance of stack
ordering with different solution concepts. As an application,
a real‐site‐oriented case study is adopted, and well‐layout
problems with a single well and five wells are investigated.
The purpose of this is to identify a robust algorithm con-
figuration that achieves close‐optimal and highly reliable
solutions within a single‐objective optimization framework.
The transferability of the results is ultimately tested by
four additional, different problem cases. A major concern
for usefulness of the stack‐ordering method is the savings in
computational effort, and also the number of critical reali-
zations that determine the solution of such a typical water
management optimization problem.

2. Lauswiesen Well‐Layout Problem

[10] In order to generate a realistic template site for the
intended optimization studies under uncertainty, hydraulic
parameters and the underlying geostatistical model were
taken from the test field Lauswiesen located in the Neckar
valley in the immediate vicinity of the city of Tübingen in
southwest Germany [see Sack‐Kühner, 1996]. The test site
encompasses a 3 × 1 km2 large part of a typical highly
heterogeneous alluvial valley fill aquifer, which commonly
serves as a local drinking water source for small to medium
size communities within this area. Aquifer flow and trans-
port parameters have been studied intensively in the past
15 years and geostatistical models developed [see, e.g., Riva
et al., 2006, and references therein]. From Riva et al. [2006]
we adopt the so‐called “single facies” model and the fol-
lowing parameters from the Lauswiesen site: the ambient
hydraulic gradient of 0.1%, the (uncertain) geometric mean
of the hydraulic conductivity distribution KG = 2.22 ×
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10−3 m s−1, and the variance of the ln‐conductivity field s2 =
2.91 (by “ln‐conductivity” we refer to the natural logarithm
of the hydraulic conductivity Y = lnK). Furthermore, we
assumed an isotropic exponential variogram model with a
correlation length of 10 m. Please note that the intention of
this study is not to simulate fluid flow and contaminant
transport for the Lauswiesen site ‐ parameter values measured
or derived for this site simply serve as a basis for our site
model setup.
[11] For the 2‐D template site we set the model geometry

to a gridded rectangular domain with the origin of the
coordinate system in the upper left corner and coordinate
axes parallel to the respective domain boundaries (see
Figure 1). The x axis extends to the east by 150 m with a 1 m
discretization. Aquifer thickness is assumed as unity. The
y axis extends to the south for 100 m with a 1 m dis-
cretization. A “true” hydraulic conductivity field is gener-
ated by unconditional geostatistical simulation (see below),
and a 2‐D steady state confined flow field is established for
the following boundary conditions: constant flow of Qtot =
10−3 m3 s−1 at the western domain boundary and constant
head of h = 10 m at the eastern domain boundary.
[12] Within the true conductivity field and the true flow

field, hypothetical conductivity measurements and head
measurements are taken on the basis of the following rect-
angular grid layout: hydraulic conductivity measurements:
at columns x ranging from 5 m to 145 m every 20 m and at
rows y ranging from 10 m to 90 m every 20 m (40 in total);
hydraulic head measurements: at x ranging from 15 m to
135 m every 20 m and at y ranging from 20 m to 80 m every
20 m (28 in total).
[13] On the basis of these measurements and the single

facies model, a stack of 1000 realizations conditioned on

hydraulic conductivity and head data was created by the
quasi‐linear method of geostatistical inversing presented by
Kitanidis [1995] and further developed by Nowak and
Cirpka [2004]. Conditional realizations are generated start-
ing from unconditional simulations by the spectral method
[see, e.g., Gutjahr et al., 1994] for a zero mean and a
covariance matrix according to the above mentioned
geostatistical model. For each unconditional realization, an
iterative estimation of an additive smooth correction term
was carried out, which eventually ensured the reproduction
of the measurements up to the accuracy of the measurement
values while maintaining the statistics of the underlying
geostatistical model. The uniform geometric mean of the
ln‐conductivity field was hereby assumed to be uncertain
with a variance of 0.6. Additionally, we accounted for mea-
surement errors allowing for an absolute error of 0.1 for
ln‐conductivity and an absolute error of 0.01 m for hydraulic
head measurements.
[14] For this model setup, a typical well capture problem

is implemented. The objective is to identify a single well
and a five‐well solution that minimize the total extraction
rate while still guaranteeing capture for a given up‐gradient
aquifer zone. The pumping rate is used as a proxy for the
maintenance cost, which is a simplification, but also realistic
considering observations from practice [e.g., Bayer and
Finkel, 2004]. Complexity is introduced by considering
both well coordinates and pumping rates as decision variables.
This results in a moving well problem, which is simulated by
the USGS routine MODFLOW [Harbaugh et al., 2000] and
plume capture evaluated by particle tracking usingMODPATH
[Pollock, 1994]. The starting positions of the particles are
assigned to a rectangular area, which could reflect an assumed
contamination source zone (Figure 1). Neglecting dispersion

Figure 1. Top view of “true” hydraulic conductivity distribution at template site. From the source at
column 25, particles move in groundwater flow direction and through the well placement area, which
is subdivided into four quarters for the five‐well case.
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processes, hydraulic capture should be achieved by a set of
down‐gradient wells, if all particles reach the wells under
steady state conditions. This simplification reduces the com-
putational burden compared to full advective‐dispersive trans-
port simulations. Run times are about one second per model.
[15] The optimization problem can be formulated as an

advective control problem [Mulligan and Ahlfeld, 1999;
Bayer and Finkel, 2004; Bürger et al., 2007]:

min F ¼ ’ðvÞ � f ðqtotÞ ¼ ’ðvÞ �
XW
w¼1
qwðxw; ywÞ; ð1Þ

subject to

xw;low < xw < xw;up; ð2Þ

yw;low < yw < yw;up; ð3Þ

qw;low < qw < qw;up; ð4Þ

where W is the number of wells, w is the index of a par-
ticular well, and xw and yw are column and row indices of the
wells. Parameters qtot and qw stand for the absolute values of
the total pumping rate and those of individual wells, respec-
tively. The penalty term ’ depends on v, the number of par-
ticles that are not captured. It is set to a high value (’(v) = 10v)
in order to prevent invalid solutions from being favored. This
means that even one particle that is not captured penalizes the
objective function value by 1 order of magnitude.
[16] The position of the single well is optimized within a

quadratic well placement area down‐gradient from the con-
taminant source (Figure 1). This area is delimited by
boundaries at x1,low = 50, x1,up = 100, y1,low = 25, y1,low = 75,
yielding a moving well problemwith 2601 possible positions.
For the placement of multiple wells, we follow suggestions by
Huang and Mayer [1997], who distinguish separate place-
ment areas for each individual candidate well. As depicted in
Figure 1, the quadratic zone of the single‐well case is sub-
divided into four sectors of equal size. For the application, a
five‐well case is considered, where the first four wells are
assigned to these sectors, and the fifth one is free as in the
single‐well case and may be moved into all sectors. By this
subdivision, the decision space can be significantly reduced,
while it is still possible to represent a sufficient range of
potential well configurations.
[17] The limits for the pumping rates are set using the

experience from a few preliminary trial runs. The single‐
well rate is constrained between q1,low = 5 m

3/h and q1,up =
50 m3/h, thus is variable within 1 order of magnitude. The
ranges for the five‐well case are set lower, assuming that the
individual extraction rates are smaller than in case of only
one well (qw,low = 0.5 m

3/h, qw,up = 25 m
3/h).

3. Optimization Procedure

3.1. Differential Evolution

[18] Differential evolution (DE) [Storn and Price, 1995;
Price et al., 2005] is an evolutionary optimization algorithm
that works on a population of N candidate solutions. It has
recently been applied to hydrological management pro-

blems, for example, by Karterakis et al. [2007]. The actual
optimization process can be described as a succession of
generations, where the population xi

g+1 (i = 1…N)of each
generation is generated through the subsequent application
of the operator’s mutation, crossover and selection on the
candidate solutions of the previous generation xi

g (i = 1…N).
The candidate solutions that form a generation are called
individuals. For each individual the objective function is
evaluated, and consequently the model is run with a set of
realizations.
[19] DE starts from an initial generation g0 consisting of N

uniformly sampled real valued candidate solutions. To form
the candidate solutions of the next generation xi

g+1, a trial
vector ui

g is generated for each individual xi
g by a crossover

of xi
g with a mutant vector vi

g. vi
g is composed of three

randomly chosen points xro
g , xr1

g , and xr2
g from generation g

with

vgi ¼ xgr0 þW ðxgr1 � xgr2Þ 0 < W � 1; ð5Þ

whereW is a user‐defined constant that controls the evolution
rate of the population. It has been set to 0.8 throughout this
paper, which has been empirically shown to be successful on
a wide range of optimization problems [Price et al., 2005].
Larger W causes a larger impact of the difference vector
xr1
g
− xr2

g on vi
g and results in a higher diversity within the

generated candidate solutions.
[20] Each component of ui

g is then randomly chosen from
either vi

g or xi
g according to

ugj;i ¼
vgj;i if Uð0; 1Þ � CDE or j ¼ jr
xgj;i otherwise

(
; ð6Þ

where j denotes the current component of the vector and
U(0,1) a uniformly sampled random variable. To ensure
that at least one component of ui

g differs from xi
g, the jr‐th

component of ui
g is always taken from vi

g
. Because of this

convention, CDE which is a user define‐ constant and has
been set to 0.9 throughout this paper only approximates the
crossover probability pc of conventional evolutionary algo-
rithms [Price et al., 2005].
[21] After crossover, DE selects either the ui

g or xi
g for the

next generation, depending on their objective function
values. In case of a minimization problem, as in this paper, it
reads

xgþ1i ¼ ugi if Fðvgi Þ � Fðxgi Þ
xgi otherwise

�
: ð7Þ

The resulting individuals xi
g+1, one of which is generated for

each individual xi
g of the current generation, comprise the

population of the next generation. The entire sequence of
mutation, crossover, and selection to form subsequent gen-
erations is repeated until a stopping criterion, usually a
predefined number of function evaluations, is met.

3.2. Evolution Strategy With Covariance Matrix
Adaptation

[22] The second optimization algorithm, Covariance
Matrix Adaptation Evolution Strategy (CMA‐ES) [Hansen
and Ostermeier, 2001], is from the family of evolution
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strategies. It has been applied to groundwater management
problems, for example, by Bayer et al. [2005, 2008] and
Bürger et al. [2007]. Like DE, CMA‐ES works on a pop-
ulation of individuals xi

g, but differs greatly in the way
the individuals xi

g+1 of the next generation are generated.
The basic idea of CMA‐ES is the efficient adaptation of the
search distribution to the contour lines of the target function
F. This is done through the approximation of a covariance
matrix C which can also be interpreted as an approximation
of the inverse Hessian of the objective function [Hansen,
2008].
[23] On the basis of C, CMA‐ES generates l offspring for

each generation according to

xgþ1i ¼ mg þ �gNð0;CgÞ i ¼ 1:::�; ð8Þ

where sg is the overall standard deviation which controls the
step size and N(0,Cg) is a normal distribution with zero
mean and the covariance matrix Cg. The parameter mg

represents the weighted mean of the sorted m best candidate
solutions (denoted by xi:l

g ) of the current generation with

mg ¼P�
i¼1
wix

g
i:�P�

i
wi ¼ 1 w1 � w2 � � � � � w� > 0 � < �

: ð9Þ

Typical values for wi [Hansen and Ostermeier, 2001;
Hansen, 2008], which have also been used throughout this
paper, are defined by

wi ¼ w0iP�
j w

0
j
w0i ¼ ln

�þ 1
2

� �
� lnðiÞ: ð10Þ

The combination of equations (9) and (10) assigns higher
weights to better candidate solutions, which leads to a better
convergence of the optimization process [Hansen and
Ostermeier, 2001; Bayer and Finkel, 2004]. As only the m
best candidate solutions of the entire stock of l candidates
are used to compute the weighted mean, equation (9) also
implicitly acts as the selection operator of CMA‐ES. The
same selection procedure is also used throughout the com-
putation of Cg and sg, which is briefly described in the
following paragraphs.
[24] The dimension of the problem is defined by the

number of decision parameters. Since m is usually much
smaller than the dimension, Cg cannot adequately be approx-
imated solely from the population of the current generation.
To overcome this problem, several updating schemes which
incorporate information from previous generations have been
developed for CMA‐ES. For this paper we used a combina-
tion of rank‐1 update [Hansen and Ostermeier, 2001] and
rank‐m update [Hansen et al., 2003].
[25] The rank‐1 update incorporates information from

previous generations using the evolution path pc
g, which is

based on the sum of the weighted difference of points from
the generations g and g‐1, as in

pgc ¼ ð1� ccÞpg�1c þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ccð2� ccÞ

p mg � mg�1
�g�1

0 < cc � 1; ð11Þ

where cc controls the backward time horizon of pc
g and is

usually chosen between 1/n and 1/sqrt(n), where n is the

dimensionality of the optimization problem. Because of
the weighting with cc, the influence of a certain search step
depends on the numbers of generation in between. The
farther in the past a search step occurred the lower is its
impact on pc

g.
[26] Combined with the rank‐m update, Cg is approxi-

mated by the weighted sum of the covariance matrix of the
previous generation Cg+1, the covariance of the evolution
path from the rank‐1 update pc

g (pc
g)T, and a covariance

matrix of rank m Cm
g, which is determined from the m best

candidate solutions of the current generation:

Cg ¼ ð1� ccovÞCg�1 þ ccov
�cov

pgc ðpgc ÞT

þ ccov 1� 1

�cov

� �
Cg� 0 � ccov < 1: ð12Þ

The determination of Cm
g is closely related to the definition

of an empirical covariance matrix from m sampling points
[Hansen, 2008] with

Cg� ¼
P�
i�¼1

wiy
g
i:�ðygi:�ÞT

ygi:� ¼
xgi:� � mg�1
�g�1

: ð13Þ

Please note, since Cm
g uses the weighted mean of the pre-

vious generations mg‐1 (see equation (9)) instead of the
mean of the actually sampled points, Cm

g is an estimator for
the distribution of the selected m best steps and not an
estimator of the variance within the realized candidate
solutions. To further improve convergence, the rank‐m update
assigns higher weights to better candidate solutions in a
process similar to the determination of mg. Therefore, Cm

g

has a bias toward the reproduction of steps that resulted in
an improved objective function value [Hansen, 2008].
[27] For faster adaptation, the overall step size sg is

determined independently fromCg. As for the rank‐1 update,
CMA‐ES uses the evolution patch to incorporate information
from previous generations. Since the direction of the evolu-
tion path influences its expected length, a conjugate evolution
path ps

g is constructed with

pg� ¼ 1� c�ð Þpg�1� þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c� 2� c�ð Þp

Cg
�1=2 mg � mg�1

�g�1
0 < c� � 1

Cg
�1=2 ¼ BgDg�1BgT

;

ð14Þ

where Cg = Bg Dg
2

Bg
T

is the eigendecomposition of Cg.
Therefore, Bg contains an orthonormal basis of eigenvectors
of Cg and Dg is a matrix, the diagonal elements of which
contain the square roots of the corresponding eigenvalues.
The parameter Cg−1

1/2

can be interpreted as a subsequent
rotation of the principal axes of N(0,C) onto the coordinate
axes with Bg

T

, a rescaling of all axes to equal size with Dg
−1
,

and a back rotation of the rescaled axes into the original
coordinate system with Bg. The combination of all three
transformations within Cg−1

1/2

makes the expected length of
ps
g independent of the actual rotation of the evolution path
[Hansen and Ostermeier, 2001]. Parameter cs controls the
influence of older generations on ps

g, where 1/cs is the
backward time horizon which contains approximately 63% of
the overall weight [Hansen, 2008].
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[28] On the basis of ps
g, sg is then updated according to

�g ¼ �g�1exp c�
d�

pg�
�� ��

E Nð0; IÞk k � 1
� �� �

d� � 1; ð15Þ

where EkN(0,I)k is the expectation of the Euclidian norm of
a random vector drawn from an isotropic normal distribution
with zero mean and variance 1. Equation (14) can be inter-
preted as a comparison of the actual length of kpsgk with its
expected lengthEkN(0,I) k. This means, ifkpsgk > EkN(0,I) k,
subsequent steps of the optimization process have canceled
each other out, indicating that sg is too large and should be
decreased. kpsgk > EkN(0,I)k on the other hand indicates that
sg is too small since all previous successful steps had a similar
direction. The strategy parameter ds is usually set to values
slightly larger than 1 to damp changes within sg.
[29] Like DE, CMA‐ES repeats all steps to generate a

succession of generations until a certain stopping criterion is
met. Typical values for the parameters of CMA‐ES [Hansen
and Ostermeier, 2001], which have also been used within
the paper, are given in Table 1.

3.3. Stack Ordering

[30] We define a full application of an evolutionary
algorithm as an optimization run (Figure 2). The optimization
run encompasses a fixed number of successive generations
and thus a fixed number of individuals. Each individual
represents a candidate solution that is evaluated by the
objective function and thus requires iteration with the (flow
and transport) model. By iteration we refer to running the
model sequentially for a set of realizations.
[31] Figure 3 illustrates the procedure. Realizations are

identified with indices r = 1,…,S, which are arbitrarily set at
the beginning and kept constant during the optimization
procedure for the entire set (repository stack) of S realiza-
tions. Each realization is initialized to a credit of Cr(t = 0) =
0, and a small random sample of Seval realizations (the
evaluation stack Se

1) is selected for objective function eval-
uation of the first candidate solution (t = 1). For each
objective function evaluation t, the model is run once for each
of the Seval realizations in the evaluation stack Se

t, where the
index t indicates that the content of the evaluation stack may
change according to the algorithm specified below for each
objective function evaluation t. The evaluation stack Se

t is to
be understood as a list of Seval indices r referring to those
realizations that are subject to evaluation within objective
function evaluation t. Since the purpose of evaluating a whole
stack of realizations is to maximize the reliability of a man-
agement solution or technology, the objective function value
of the candidate solution is set equal to the worst model re-

sponse during this procedure. For a (cost) minimization
problem, this reads

Ft ¼ maxFðrÞ; r 2 Ste: ð16Þ

This creates an opportunity to save computation time. Instead
of evaluating the whole evaluation stack, it is suggested to
fully examine only potentially optimal solutions. If one of the
model simulations of objective function evaluation t indicates
a constraint violation, an infeasible solution, or if it does not
satisfy any other case‐specific criterion, the evaluation of the
Seval realizations is stopped. Otherwise, the evaluation is
continued until all Seval realizations have been tested.
[32] This procedure is repeated for the successive objec-

tive function evaluations. If a realization indicates an unsat-
isfactory objective function value, it is recognized as a
potentially critical realization. In the subsequent objective
function evaluations this information is exploited by accen-
tuating the sampling of this realization: instead of uniform
random sampling, a dynamically adapted probability distri-
bution is constructed. This is done as follows: First, the
realization is awarded a so‐called credit by

Ctþ1r ¼ Ctr þ lnðpostrÞ; ð17Þ

where posr
t denotes the current position of the realization in

the evaluation stack during an objective function evaluation.
For example, consider an evaluation stack size of 25. If the
10th realization that is tested indicates constraint violation, its
credit is increased by ln(10) = 2.3. The logarithmic depen-
dency on the position is based on the rationale that the later a
potentially critical realization is found, the higher its expected
relevance compared to other realizations will be. An appro-
priate measure is the expected number of realizations r which
performworse than all realizations 1…(r‐1) evaluated before.
The probability of such a realization at position posr is 1/r.
Therefore the expected number of realizations which fulfill
this criterion until the realization at position posr is reached
can be calculated by 1/1 + 1/2 +…+ 1/posr which is the
harmonic series that can be approximated by ln(posr). Please
note that the logarithmic notation replaces the former square
root formulation as presented by Bayer et al. [2008].

Table 1. Parameter Settings for CMA‐ES

Parameter Value

l 4 + 3ln(n)
m l/2
cc 4

4þn
mcov 1P�

i
w2i

cs
�covþ2
nþ�covþ3

ds 1þ 2max 0;
ffiffiffiffiffiffiffiffiffiffiffi
�cov�1
nþ1

q� �
þ c�

ccov 1
�cov

2
ðnþ ffiffi2p Þ2 þ ð1� 1

�cov
Þmin 1; 2�cov�1

ðnþ2Þ2þ�cov

� �

Figure 2. Hierarchical terminology used for the combina-
tion of evolutionary algorithms with stack ordering.
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[33] For each new candidate solution the repository stack
is sorted in ascending order according to the (accumulated)
credits of each individual realization. All realizations that
have zero credits are randomly shuffled. We start from top
of the stack, pick the realizations one by one and decide on
the basis of the credit whether it should be selected for the
new evaluation stack. If certain realizations have accumu-
lated a high credit Cr above a threshold, that is, the maximal
credit per complete stack evaluation ln(Seval), these are auto-
matically included in the evaluation stack. The remaining
positions in the evaluation stack are then sequentially filled
by probabilistic sampling, where the probability to be included
in the evaluation stack is taken as

ptþ1r ¼ Ctr þ 1
lnðSevalÞ þ 1 : ð18Þ

Sampling will be stopped as soon as the evaluation stack is
filled. For the next objective function evaluation t+1 the rea-
lizations are then taken from the evaluation stack in the new
order established by the above threshold credit hierarchy and
the subsequent probabilistic sampling. Consequently, the
potentially most critical realizations are evaluated first.
[34] During the course of optimization the sequence of

realizations typically does not remain constant, as different
realizations may appear to be critical for the diverse candi-
date solutions tested. Consequently, realizations found crit-
ical in an early stage of the evolutionary search may not be
critical anymore in the later phase when totally different
well configurations are inspected.
[35] As an extension to the above presented method, a

decay factor k 2 (0,1) can be included. In each objective
function evaluation t, where no credit is assigned and no
new critical realization is found, the credits of all realizations

are reduced by k. This increases the probability of sampling
new realizations for evaluation and prevents an early domi-
nation of the evaluation stack by a few realizations:

Ctþ1r ¼ ð1� kÞ Ctr : ð19Þ

The structure of equation (19) causes Cr to behave like many
natural decay processes. Such an approach is commonly used
in evolutionary algorithms like CMA‐ES to increasingly limit
the influence of function evaluations on the optimization
process as their occurrence becomes further back in the past.
The overall procedure can be easily implemented, and there
exist only two free parameters that have to be set: the eval-
uation stack size Seval and the decay factor k. In the following,
a detailed analysis of the role of these parameters will be
presented. For both, their effect on the optimization procedure
will be tested by evaluating a range of parameter values.
Three variants will be compared: random sampling of Seval,
stack ordering, and stack ordering with decay.
[36] Additionally, we also expand on the following idea:

Instead of setting a fixed and constant value for Seval, the
stack size could be dynamically adapted during the course of
the evolutionary search. The underlying rationale is that
during the initial, more explorative, phase of the evolutionary
search, a few realizations could be sufficient to approximate
the objective function. During further convergence to an
optimum, higher precision could be achieved by an increase
of Seval. Since also the number of potentially critical, credited
realizations rises, it is logical to dynamically increase Seval
along with the rising number of credited realizations.
[37] Again, a compromise has to be found in order to

achieve the desired effect at low computational demand.
Seval has to be adjusted so that only a small stack of critical
realizations is evaluated while also new realizations are

Figure 3. Stack‐ordering procedure for one objective function evaluation (testing of one candidate well
layout).

BAYER ET AL.: OPTIMIZATION OF HIGH-RELIABILITY-BASED PROBLEMS W05504W05504

7 of 18



inspected to improve the maturity of the stack. One way to
achieve this balance is to set Seval to twice the number of
currently credited realizations, rc

t :

Stþ1eval ¼ 2 rtCr>0: ð20Þ

A more restrictive criterion would be to set it to twice the
number of those realizations that are sampled with cer-
tainty owing to their high credits; that is, their credits are
higher than ln(Seval):

Stþ1eval ¼ 2 rt
Cr>ln S

t
evalð Þ : ð21Þ

All realizations with lower credits are potentially ignored
and thus offer space for new realizations in the stack. The
outcome is a stack of which one half is a set of critical
realizations which gradually increases. The other half
undergoes dynamic changes as the search evolves. Please
note that each time the stack size is increased, also the
criterion ln(Seval

t ) gets stricter. This automatism is desirable
as the credits per realization also increase. However, this
can also result in an alternation of the stack size. For both
variants, the evaluation stack is initialized with Seval

1 = 1,
which also serves as lower limit for Seval as long as no
critical realizations are found. Subsequently, both variants
with conservative and restrictive dynamic evaluation stack
sizes will be compared to those with a priori defined static
size.

3.4. Assessment of Results

[38] The nominal reliability R of a well layout is expressed
as

R ¼ S � rv
S

� 100%; ð22Þ

where rv is the number of realizations, out of the entire set of
those realizations, for which at least one particle is not cap-
tured. If all realizations indicate capture, R is maximal and
reaches 100%. After each full optimization run, the reliability
of the best solution is analyzed by testing it on the entire set S.
[39] Please note that in practice, hydraulic conductivity

may be regarded as the most important source of uncertainty
in hydrogeological modeling. However, uncertainty and
imprecision are also inherent to numerous other model
parameters; conceptual model shortcomings also have to be
considered in order to cover the entire range of potential
uncertainties that can affect the optimized solution. To keep
the study concise, we only focus on hydraulic conductivity,
although alternative parameters or conceptualizations could
be included. The term nominal reliability is used herein to
discriminate between the reliability based on the evaluation
of multiple realizations and the true reliability that would
cover all sources of uncertainty [e.g., Ng and Eheart, 2008].
[40] To be specific, in this application we are interested in

a solution that maximizes the nominal reliability while
system cost, that is, the total pumping rate, is minimized.
The underlying assumption is that insufficient capture
threatens potential down‐gradient receptors, a risk that has
to be held as low as possible. Solutions of high reliability
commonly are hard to find, since the closer the nominal
reliability R has to be to 100%, the more a solution is
controlled by a few outliers, that is, critical realizations. For

example, a well layout of 50% reliability usually can be well
approximated by a small subset of realizations [e.g.,
Smalley et al., 2000]. This number disproportionally grows
the closer the final solution is supposed to be to the 100%
criterion.
[41] In the following analysis, we focus on three aspects:

(1) How close is the suggested solution to the global opti-
mum? (2) How high is its reliability? (3) What is the number
of model runs required to detect this solution? Since the
presented procedure involves stochastic elements in evolu-
tionary search and sampling of realizations, repeated opti-
mization runs with different (random) starting points are
conducted. This means for each problem and solver, 25
optimization runs are inspected. The results are statistically
analyzed and median and 10%/90% quantiles are presented.
[42] We exclusively focus on the best solution of each

optimization run that is found in the later stage of the search,
that is, during the last 10% of objective function evaluations
(after 630 function evaluations for single‐well case, after
2700 for the five‐well case). Considering solutions with best
results from the entire search would increase the chance of
“premature” candidate well layouts with good objective
function values but low reliability. At the late search stage, it
is expected that those solutions accumulate which are fit with
respect to both the minimization of the objective function
value and the validity for a high number of realizations.
[43] In the following, static and dynamic stack size var-

iants are comprehensively examined only for the Lauswiesen
case to compare their specific performance. In this manner,
ideal settings of governing parameters (Seval, k) are derived.
In order to validate the results and test a general applicability
of the method, four alternative well positioning problems are
set up. The average performance of the solution procedure is
then tested by ten separate optimization runs for each prob-
lem. Results are interpreted on the basis of reliability of
results and computational effort required.

4. Results and Discussion

4.1. Characterization of Optimal Well Layouts

[44] For the assessment of the results, it is not intended to
find the global optimum exactly. The latter is not known
without a full enumeration of all possible well configurations,
and taking into account the limited reliability of hydrologic
models, not practically relevant. As commonly found in similar
research studies, a compromise is made; we seek solutions
that are supposedly close to optimal, that is, preferable well
positions and (relative) extraction rates. Especially for mul-
tiple well layouts, it is commonly observed that several
favorable well combinations exist, and that these typically
differ most regardingwells with comparatively low extraction
rates, as those are the spatially most variable. This may
indicate a redundancy of such low‐rate wells; however, in
some cases exactly those wells exert an important influence
on the local hydraulic regime and thus become a linking part
of the system [e.g., Bayer and Finkel, 2007].
[45] During the presented examination of the stack‐

ordering procedure with the study site, millions of Lauswiesen
model runs were performed in total and a huge number of
well‐layout solutions were inspected. This gave substantial
insight into preferable well locations, while discriminating
these from less beneficial regions in the well placement
area. For example, the contaminant particles pass the well
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placement area particularly in the southern part. Hence, the
northern half of the area appears to be less attractive. This is
also illustrated by the undisturbed flow conditions as
depicted for the “true realization” in Figure 1. Particle paths
that originate from the source cross the well placement area
with a preferred direction toward southeast, apparently
diverted by the broad low‐conductivity zone that dominates
the northeast sector.
[46] In addition to the analysis with small evaluation stack

sizes, a few (3–5) trial runs were performed with Seval = 250,
500 and 1000. The purpose of this brute force approach was
to examine whether better well layouts could be identified,
since an increase of the number of realizations for each
objective function evaluation will reduce the noise and thus
enhance the optimization. Although these few computation-
ally demanding trials are not sufficient for a rigorous con-
clusion, the fitness of the best well layouts found were very
close to those of the highly reliable solutions detected during
the stack‐ordering application. We interpret this finding as a
first indication of the efficiency of the new approach with
small stack sizes. Furthermore, the best solutions seem to be
hardly improvable and thus can be set as reference for the
(close) optimal solutions searched for.
[47] For the single‐well problem, the best solution with

100% nominal reliability that has been found during the
entire study is a well at column x1 = 66 and row y1 = 53 that
operates at qtot = q1 = 15.0 m

3/h. It is located in the SW
sector of the well placement area in a local area of higher
conductivity (Figure 4). Convergent flow here mitigates the
pumping rate required for capture. Further close‐optimal
solutions appear along a narrow range up‐gradient and down‐
gradient and delineate the central flow path that is simulated

by the particles in Figure 1. Only the most eastern close‐
optimal well positions seem to be shifted somewhat to the
north within a low‐conductivity zone.
[48] Despite the small number of conditioning points, the

ensemble of realizations obviously approximates character-
istic features of the spatial conductivity of the hypothetical
truth and hence also the flow conditions very well. This may
indicate that the set of realizations could have been poten-
tially reduced without consequences for the obtained re-
sults. Nevertheless, the realizations appear very different
when inspected visually. In some test runs with randomly
chosen subsets of 100 and 500 realizations in the reposi-
tory stack, best solutions achieved only 93% and 97%
reliability when cross‐checked with the whole ensemble of
1000 realizations.
[49] The best well configurations with five wells at 100%

nominal reliability also stress the preference area as identi-
fied for the single‐well problem (Figure 4). Again the dom-
inating wells are concentrated along the southern fringe of the
extended low‐conductivity area. Moreover, the southern part
of the NW sector becomes attractive, apparently for capturing
those particles that are deviated here to the north. The indi-
vidual wells of the best configuration detected are specified as
q1 = 3.3 m

3/h, x1 = 60, y1 = 43 (NW sector), q2 = 0.5 m
3/h (90/

46, NE), q3 = 0.5 m
3/h (67/54, SW), q4 = 2.3 m

3/h (83/61,
SE), q5 = 2.8 m

3/h (66/58, free). A common observation is
that the sector‐free well is also assigned to the SW quarter in
the vicinity of the best single‐well locations. In contrast, the
extraction rates of wells in the NE sector are mostly turned to
the lower limit, indicating that wells in this region play no or
only a minor role. Compared to the best single‐well layout the
total extraction rate could be further reduced to qtot = 13.8 m

3.

Figure 4. Zoomed section of the “true” hydraulic conductivity distribution in the well placement area.
Circles denote (close) optimal well positions of the single‐well case, and squares denote those for the
five‐well case. The relative individual extraction rates are expressed by different marker sizes. Best solu-
tions are accentuated by red markers.
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Apparently, it is beneficial to use multiple wells that share
particle capture. However, it can be expected from the
findings that more than three wells achieve only slight
improvement.

4.2. Optimization Without Ordering of Realizations

[50] First, we cover the outcomes of optimization runs
using a fixed number of purely randomly selected realiza-
tions without setting up an ordered stack. Each objective
function value was obtained for a random set of Seval rea-
lizations. These realizations were modeled sequentially until
an invalid solution was found. In that case, the objective
function value was set to the value obtained for this reali-
zation plus a penalty; within this objective function evalu-
ation no further realizations were tested. The underlying
idea is that a more exact objective function value of such
undesirable candidate solutions is not required, since they
will barely influence the evolutionary search. The none-
valuation of the remaining realizations in the stack saves
computation time: for this example application only about
2/3 of Seval realizations needed to be tested on average, an
advantage that is also exploited in the approach where the
realizations are ordered.
[51] The only parameter in this nonordered setup is the

(evaluation) stack size, which was set to Seval = 2, 5, 10, 15,
25, 50. Each different Seval required 25 randomly initialized
optimization runs, both for the CMA‐ES and the DE. These
were repeated for the single and the five‐well case. For
each optimized well configuration, the nominal reliability
was obtained in a postinspection with the full set of 1000
realizations.

[52] As expected, a general trend could be detected.
Increasing the realizations per objective function evaluation
raises the reliability of the best solutions obtained, while the
10% and 90% quantiles continuously tighten (Table 2). The
comparison of results from the two different optimization
algorithms does not yield a clear ranking. For the single‐
well case, the outcome of the DE appears to be more vari-
able, which is indicated by overall broader quantile ranges.
In contrast, the DE mostly outperforms the CMA‐ES in
median reliability. This could be interpreted as being less
sensitive to the significant noise from random replacement
of realizations. Apparently, the noise conflicts with the self‐
adaptive search mechanism of the CMA‐ES. Since the
CMA‐ES tries to approximate the contour lines of the
objective function as the search progresses it is less prone to
handle very noisy objective functions compared to DE where
all evolutionary operators are kept constant throughout the
search.

4.3. Optimization With Ordering of Realizations

[53] As shown in Figure 5 and Table 3, reliability
increases at the expense of higher median objective function
values. Accordingly, random sampling without ordering of
realizations results in lowest total pumping rates, qtot. On
average, DE detects well configurations with higher reli-
ability, which corresponds to higher values of qtot. If stack
ordering is applied, raising the stack size is especially
influential up to Seval = 15. This is illustrated by the median
convergence curves for application of CMA‐ES in Figure 6.
These curves also delineate typical trends of convergence
curves: initially good fitness values are obtained, because
only a few nonrepresentative realizations are inspected.
Accordingly, the reliability of such solutions is small. Then

Table 2. Nominal Reliability of Results for Different Evaluation Stack Sizes Seval
a

Seval

Conservative Seval Restricted Seval2 5 10 15 25 50

No Ordering (Single Well)
CMA‐ES, median 51.4 70.9 85.8 89.2 92.8 96.4
CMA‐ES, 10% 36.1 59.4 80.9 84.7 91.1 94.5
CMA‐ES, 90% 66.3 79.4 88.7 92.1 95.6 97.9
DE, median 40.8 70.9 82.0 92.9 95.2 98.3
DE, 10% 22.1 51.5 76.2 85.0 93.0 94.3
DE, 90% 58.6 80.6 91.0 96.3 98.0 99.3

Stack Ordering (Single Well)
CMA‐ES, median 43.2 90.1 99.6 99.9 99.9 100.0 99.9 99.8
CMA‐ES, 10% 29.9 67.4 98.2 99.7 99.8 99.9 99.7 99.6
CMA‐ES, 90% 75.9 98.5 99.8 100.0 100.0 100.0 100 100
DE, median 59.0 94.1 99.3 99.6 99.8 99.9 99.7 99.4
DE, 10% 26.2 85.9 97.6 99.2 99.5 99.8 99.3 98.1
DE, 90% 84.9 98.8 99.9 99.9 100.0 100.0 99.9 99.9

No Ordering (Five Wells)
CMA‐ES, median 42.1 70.5 82.6 87.4 93.3 96.0
CMA‐ES, 10% 33.8 62.1 76.1 82.1 90.2 94.5
CMA‐ES, 90% 100.0 79.9 88.3 90.7 97.5 97.2
DE, median 63.1 81.7 94.0 94.6 96.4 98.6
DE, 10% 34.1 68.0 82.3 87.9 94.0 97.9
DE, 90% 84.7 90.2 96.9 97.6 98.8 99.6

Stack Ordering (Five Wells)
CMA‐ES, median 54.5 79.8 96.5 98.9 99.9 100.0 100 100
CMA‐ES, 10% 15.2 54.6 87.4 95.5 99.2 99.9 99.9 99.6
CMA‐ES, 90% 89.1 89.0 98.6 99.7 100.0 100.0 100 100
DE, median 66.6 93.4 97.9 99.1 99.6 99.8 99.9 99.9
DE, 10% 45.2 79.8 93.2 95.8 97.8 99.3 99.6 99.6
DE, 90% 88.3 97.0 99.1 99.9 99.9 100.0 100 100

aListed are median reliabilities as well as, from these values, ranges for 10% and 90% quantiles.
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the generation‐wise best fitness first increases with the ris-
ing number of realizations examined. When the stack
becomes more mature and therefore stable, the focus of the
optimization process shifts from exploratory behavior to a
local improvement of the solution.

[54] The similarity in performance of DE and CMA‐ES in
the single‐well case is lost in the higher complexity of the
five‐well case (Figure 5b). The results are more variable and
the differences between the evolutionary solvers become
more obvious. What we can see is that CMA‐ES appears to
be slightly more efficient for minimizing qtot (Figure 5b)
while reaching high‐reliability solutions (Table 3, k = 0).
Stack ordering apparently reduces noise compared to purely
random sampling of realizations and the CMA‐ES can exert
the advantages of self‐adaptation. Median reliabilities are
higher for Seval ≥ 10 (single) and Seval ≥ 25 (five wells) and
converge closer to the desired maximum of 100%. At the
same time, the objective function values are mostly smaller,
ranging around the expected optimal values. Since an
increase of Seval means reduction of noise, the CMA‐ES
seems to develop its full search capability only above a certain
number of realizations per stack.
[55] As an illustrative example, Figure 7 depicts results

for the individual optimization runs for the five‐well case
and Seval = 25. The graph shows the ranges of reliability and
optimized total pumping rate among the different runs, and
the resulting median values. Even if some outliers exist,
most of the best well layouts found group closely around the
median. Nevertheless, the spreading also indicates the
existence of several close‐optimal solutions. Hence, the
optimization algorithms are hardly able to detect exactly
the same solution within each independent optimization run.

4.4. Optimization With Ordering and Decay

[56] Repeatedly multiplying a decay factor to the credits
of realizations should increase the probability of sampling
realizations that have not been tested so far. It also represents
an adaptive mechanism, as it puts less emphasis on “old”
credits and thereby accentuates the current search: as the
optimization algorithm explores different parts of the deci-
sion space until it converges, realizations that appear critical
in the beginning may not be relevant anymore in the later
stage of the search.Table 3. Nominal Reliabilities in Percent for Results From Well‐

Layout Optimization With Stack Ordering Depending on Stack
Size Seval and Decay Factor k

a

k \ Seval 2 5 10 15 25 50

Stack Ordering (Single Well)
CMA‐ES 0 43.2 90.1 99.6 99.9 99.9 100.0

0.01 68.4 97.0 99.7 99.9 99.9 99.9
0.05 85.1 98.7 99.8 99.8 99.8 99.8
0.1 85.4 98.9 99.6 99.7 99.7 99.5
0.2 87.9 97.9 99.5 99.6 99.6 99.3

DE 0 59.0 94.1 99.3 99.6 99.8 99.9
0.01 65.9 95.4 99.5 99.9 99.8 99.9
0.05 70.6 97.3 99.5 99.7 99.8 99.8
0.1 86.9 95.8 99.1 99.8 99.8 99.6
0.2 76.8 95.3 99.3 99.3 99.4 99.2

Stack Ordering (Five Wells)
CMA‐ES 0 54.5 79.8 96.5 98.9 99.9 100.0

0.01 37.6 94.8 99.8 99.9 100.0 100.0
0.05 43.4 98.4 99.7 99.8 99.8 99.8
0.1 46.4 97.8 99.6 99.8 99.7 99.6
0.2 38.8 97.7 99.4 99.6 99.7 99.4

DE 0 66.6 93.4 97.9 99.1 99.6 99.8
0.01 79.7 97.0 98.6 99.6 99.8 99.8
0.05 75.5 97.1 99.3 99.4 99.7 99.8
0.1 71.5 96.8 99.1 99.6 99.5 99.2
0.2 72.3 96.0 98.3 99.0 99.7 99.4

aHighest reliabilities for each value of Seval, problem case, and solution
algorithm are in boldface.

Figure 5. (a, b) Dependency of optimized total pumping
rates, qtot, on the evaluation stack sizes, Seval.

Figure 6. Median convergence curves (best fitness per
generation) for applying CMA‐ES to the five‐well case with
stack ordering (no decay, k = 0).
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[57] Table 3 lists the achieved median reliabilities for the
two well cases for decay factors of k = 0, 0.01, 0.05, 0.1, and
0.2. The variant with k = 0 is equivalent to the implemen-
tation without decay as discussed above. A general obser-
vation is that the use of a small decay factor is especially
beneficial for small stack sizes. Roughly speaking, for Seval ≤
10 (single) and Seval ≤ 25 (five wells) this results in a higher
reliability. These values for Seval appear to be case‐specific
thresholds. If properly sampled and ranked, there is no need
for a higher number of realizations to maximize reliability
while minimizing the pumping rates. These are very small
numbers compared to the total of 1000 realizations consid-
ered for a full reliability determination.
[58] Including a decay factor enhances the replacement of

realizations thatwould otherwise pile up in the evaluation stack
and render it stable rather than dynamic. Hence, the decay
factor k can also be used to further decrease the required Seval.
Generally, k seems to be most sensitive for small evaluation
stack sizes. However, there is no clear indication which value
of k is best. For the application with CMA‐ES, an evaluation
stack size of Seval = 2 is not sufficient and only delivers low‐
reliable solutions. Above this value, reliabilities are mostly
higher than 90% and even over 94% when employing the
decay factor. The higher the Seval, the lower the ideal value
of k. For very high Seval, a decay factor even compromises
the search and results in unnecessary noise. Too large values
of k (e.g., k = 0.2) always generate too much variation in the
evaluation stack and counteract the ordering procedure.
[59] For further insight, Figure 8 depicts the median

number of credited realizations after a full optimization run
with the CMA‐ES. Figure 8 is similar for DE, with slightly
higher numbers of credited realizations for large evaluation
stacks. It illustrates the effect of increasing the decay factor
for different values of Seval. For the single‐well case, the
numbers of credited realizations tend to stagnate at a value of
10. Once more this indicates that, independent of the evalu-
ation stack size, Seval, a small number of properly selected
realizations is sufficient to constrain the search within the
valid search space. If k is higher than 0.05, more realizations

are credited but without a positive effect for the optimization
results (see Table 3). The five‐well case does not deliver
similarly consistent results. However, when compared with
the high‐reliability configurations in Table 3, the number of
credited realizations seems to be ideal for values between
25 and 30 for this case. Apparently, the higher values of Seval
required when raising the number of wells are due to the
increase in problem dimension.
[60] All in all, DE is only preferable for very small stack

sizes. If reliabilities higher than 95% are sought after,
CMA‐ES outperforms DE in terms of median pumping
rates, again indicating a slightly better efficiency in case of
merely moderate noise. The ideal values of k seem to be
comparable. As a rough rule of thumb, a recommended
value for the decay factor can be determined by k = 0.05 −
Seval/1000 for Seval ≤ 50 for this example problem.

4.5. Optimization With Dynamic Stack Size
Adjustment

[61] The effect of a dynamically adjusted stack size is
examined for both well cases, starting with an initial value
of Seval = 1. In accordance with the study on fixed stack
sizes, each algorithm implementation, DE or CMA‐ES,
single‐well or five‐well case, and conservative or restricted
stack size was examined by 25 randomly initialized opti-
mization runs. No ordering has been found to be unsuitable
for fixed stack sizes and thus is not further studied. Aside
from this, in particular for the conservatively adapted stack

Figure 7. Total pumping rate versus reliability for 25
optimization runs to solve the five‐well case; this example
shows the results for an evaluation stack size of Seval = 25
and no decay (k = 0).

Figure 8. (a, b) Average number of credited realizations
after 25 optimization runs (CMA‐ES).
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size, the huge number of credited realizations would render
such a procedure computationally relatively inefficient.
[62] Figure 9 demonstrates for the five‐well case that the

increase of credited realizations is comparable to a favorable
fixed stack size setting with (Seval = 25, k = 0.01). Owing to
the smaller initial stack sizes, credited realizations are fewer
in the initial search phase. In the long run, independent
of the implementation, all variants converge to a number
between 20 and 25. This indicates the adaptive potential of
the dynamic stack size adjustment. Figure 10 demonstrates
that the associated stack sizes have different trends. The
conservative implementation effects a continuous increase,
the restrictive works with smaller stack sizes that can even
drop and thus cause a temporal up‐down mode.
[63] Of major interest is the reliability of the best solu-

tions found. As listed in Table 2 for the single‐well case, the
bigger stack sizes of the conservative method produce better
results. This trend can be expected already from the findings
of the previous analysis with different fixed stack sizes.
Median nominal reliabilities increase from 99.8% to 99.9%
for the CMA‐ES and from 99.4% to 99.7% for DE. How-
ever, for the five‐well case, this trend can hardly been seen.
Also, they are (nearly) maximal, with 100% achieved with
CMA‐ES and 99.9% with DE. This indicates that, inde-
pendent of the method used, a sufficient number of reali-
zations is inspected to achieve high‐reliable solutions.
Apparently, a major role is played by the higher number
of model runs for the five‐well case: the evaluation stack
evolves during 3000 objective function evaluations in
comparison to only 700 for the single‐well problem of this
study. Since the dynamic stack size is an adaptive approach,
it appears in particular robust for high‐dimensional pro-
blems with a significant number of sequential objective
function evaluations needed. This is not only confirmed by
the small differences between two dynamic stack size var-
iants, but also by the small quantile ranges in Table 2.
[64] The better results with CMA‐ES in comparison with

DE denote slightly better convergence properties, although
they seem negligible for the five‐well case. Probably by
increasing the number of objective function evaluations
per optimization run, even more similar results would be
obtained. This is also indicated by the achieved objective
function values, which are on average less optimal and

higher with the DE: an observation already made for high
fixed stack sizes (see Figure 5). Therefore further discussion
of the exact numbers is not presented.

4.6. Computational Savings

[65] A major incentive for sampling only a small number
of realizations per objective function evaluation is to keep
the computational effort low or to find an approximate
solution to a problem that cannot be solved within a reason-
able computation time at all. Independent of the sampling
procedure, random or probabilistic, only 2/3 of the evalua-
tion stack size is evaluated on average. As mentioned above,
this is achieved by stopping further testing as soon as a
realization of the stack denotes constraint violation. This
means, for example, that for a single‐well case with 700
objective function evaluations and Seval = 15, about 2/3 x
15 x 700 = 7000 model runs are required per optimization
run (compared to 15 x 700 = 10,500 model runs otherwise).
[66] Figure 11 illustrates the trade‐offs between nominal

reliabilities of optimized solutions and the model runs nec-
essary for each algorithm configuration considered. Both
well cases and outcomes from random as well as probabi-
listic sampling are shown. As a representative setting, we
chose to pinpoint only the stack‐ordering variant with a
small decay factor of k = 0.01 and fixed Seval. The graphs in
Figure 11 reflect the better performance with DE at small
stack sizes and for random sampling, whereas the ad-
vantages from CMA‐ES lie in the achievement of highly
reliable solutions (see Table 3).
[67] Of major importance is the high reliability that can be

achieved with both algorithms even for small fixed stack
sizes. For reliabilities very close to 100%, about 4500 model
runs are needed for the single‐well case (Seval = 10), and
about 20,000 model runs for the five‐well case. In contrast
to the number of model runs required for a full enumeration
of the 1000 realizations for each objective function evalu-
ation (700,000 and 3.0 Mio. per full optimization run), this
means a saving of > 99.3% for both well cases. This figure
is enormous and reflects the efficiency of stack ordering. An
underlying assumption is that the objective function noise
introduced by only considering small subsets of realizations
does not substantially influence the optimization algorithm
performance. Also compared with the results for random
sampling of realizations, the number of model runs is rather

Figure 9. Median increase of number of credited realiza-
tions with objective function evaluations (five‐well case)
for fixed stack size (Seval = 25) and dynamic stack size with
restrictive and conservative setting.

Figure 10. Median evaluation stack size Seval change for
dynamic implementations (see Figure 9).

BAYER ET AL.: OPTIMIZATION OF HIGH-RELIABILITY-BASED PROBLEMS W05504W05504

13 of 18



small. Without ordering, high‐reliability solutions are not
obtained for the range of Seval (≤50) considered. A rough
extrapolation of the trade‐offs in Figure 11 points toward a
number of model runs that would be about 1 order of
magnitude higher to achieve a solution of close to 100%
reliability.
[68] The advantage of a dynamic stack size is that in the

beginning of the search only a small number of realizations
are inspected. Depending on the update rule (equations (20)
and (21)), the number of credited realizations is increased
and the stack size can substantially grow. Thus the early
savings are outmatched by the rather big stack sizes at the
later phase of the search. This is also reflected in the rela-
tively high computational burden for the five‐well case. In
comparison to the single‐well case, the given number of
function evaluations per optimization run is more than four
times higher (3000 versus 700) and hence the evaluation
stack size becomes much larger. On the average, we obtain
savings of 99.3% for the restrictive and 99.5% savings for
the single‐well case. This is better than for the best fixed
stack size implementation, but therefore the achieved reli-
abilities are not maximal (see Table 2). This is different for
the five‐well case. 100% reliability is achieved, but on the
expense of relatively high number of model runs: for the
conservative variant, this is 77,000 per optimization run
(97.5% savings) and for the restrictive 53,000 (98.2%).

4.7. Validation With Other Case Studies

[69] Of major interest is to what extent the findings in the
Lauswiesen case and the derived control parameter settings
can be generalized. To test the transferability of the results
and to examine the performance of stack ordering to alter-
native problems, four completely different ensembles of

conductivity realizations (cases A, B, C, andD; see Figure 12)
are generated.
[70] For the ensemble of case A the variance of the

ln‐conductivity field was increased to 4.5, a value reported
for the MADE site [e.g., Rehfeldt et al., 1992] and character-
istic of a highly heterogeneous aquifer. The correlation lengths,
as well as the number and positions of conditioning points
(40 conductivity values and 28 head values) were kept the
same as in the Lauswiesen case. The ensemble of A represents
a case of much more pronounced features like high‐ and low‐
conductivity zones compared to the Lauswiesen case.
[71] For case B (and the subsequent cases C and D) the

number of conditioning points was significantly reduced. A
total of only 9 measurement points conditioned on both
hydraulic conductivity and hydraulic head (x coordinates:
25, 65, 105; y coordinates: 30, 50, 70) were chosen to keep
the nonstationarity of conditioned random fields and at the
same time allow for a much higher variability in hydraulic
conductivity between conditioning points. The variance of
the ln‐conductivity field was kept at 2.91 for case B. Never-
theless, in terms of the objective function B represents a more
noisy case compared to the Lauswiesen case owing to the
reduction of conditioning points.
[72] Case C combines the higher variance of case A and

the reduced number of conditioning points of case B. This
translates to an even more noisy objective function, as
individual high‐ and low‐conductivity zones are given by
larger conductivity contrasts and are only minorly pinned to
conditioning points. Finally, the size of heterogeneous
aquifer features was also increased by setting the isotropic
correlation lengths to 20 m for case D (variance and con-
ditioning points as in C).
[73] For each of the cases A, B, C, and D a new true

conductivity field had to be chosen owing to the changes in

Figure 11. (a, b) Required number of model runs for different implementations and evolutionary algo-
rithms to achieve certain reliability. These trends stem from calculating the median from optimization runs
with Seval = 2, 5, 10, 15, 25, and 50.
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geostatistical parameters. In order to keep the features of the
true fields alike for the cases A and B, the same seed was
chosen for the random path. For cases C and D the seed for
the random generator was also altered. This easily becomes
evident in Figure 12. Note, however, that the random path
was only fixed for the generation of the true fields for
cases A and B. For the ensembles the random generator
seeds were different.
[74] To keep the scope of this work in a reasonable shape,

the same conceptual groundwater model is used and iden-
tical optimization criteria are defined. Again, the objective is
to minimize the pumping rate of a single‐well and a five‐
well case while achieving capture of a contaminant plume
that originates from the same source as depicted in Figure 1.
We also set the same specifications for the optimization
algorithms that are repeatedly applied for each problem.
Only those specifications are used that revealed to be favor-
able from the Lauswiesen study: a fixed stack size of Seval =
15 for the single‐well case, and Seval = 25 for the five‐well
case, with decay factors of 0.035 and 0.025 (k = 0.05 ‐ Seval/

1000), respectively. Additionally, (restrictive) dynamic stack
sizes are implemented without decay. Since it is the algo-
rithms’ average performance that it is of interest and not the
statistical analysis, only 10 randomly initialized optimization
runs are conducted per individual ensemble. Again, median
values for nominal reliability of optimized solutions and
related computational effort are investigated.
[75] Tables 4a and 4b summarize the results with respect

to average nominal reliability of results and the related
computational savings. Overall, the numbers clearly dem-
onstrate a very similar performance of the optimization
algorithms. Even if conductivity distributions are changed,
higher heterogeneity is considered and less conditioning
points are used, especially the dynamic stack size coupled
with CMA‐ES is very efficient. Reliabilities of optimal
solutions consistently reach values close to or even of 100%,
and computational savings are ‐on the average ‐ slightly
higher than those calculated for the Lauswiesen site. For
example, a total number of 4122 model runs for solving the
single‐well case and of 46,128 for the five‐well case are

Figure 12. Hydraulic conductivity distribution maps of four synthetic validation cases with N‐S oriented
head contours and W‐E oriented hypothetical pathlines. Crosses denote conditioning points. (For case A,
black crosses denote conductivity, and white crosses denote head. For cases B, C, and D, black crosses
denote head and conductivity.)
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computed, which means only about 6 and 15 model runs per
objective function evaluation.

5. Summary and Conclusions

[76] In this study, we have further explored the stack‐
ordering concept for finding highly reliable solutions to
complex model‐based hydrological problems. This method
works well when a large number of model alternatives or
parameter field realizations are used to quantify the uncer-
tainty inherent to the problem simulation. When an iterative
optimization procedure is applied, evaluation of the entire
set of model variants would hardly be possible, as one
would easily end up with millions of model simulations.
Instead, only a small fraction of realizations is used to
approximate objective function values of candidate solu-
tions to the optimization problem. The presented approach
benefits from the noise robustness of population‐based
heuristic optimization algorithms such as differential evo-
lution (DE) and evolution strategy (CMA‐ES). These rep-
resent promising candidates for the family of evolutionary
algorithms, which up to now supplies the most common
algorithms for combined simulation‐optimization problems
in hydro(geo)logy.
[77] As a basic scenario, we selected a moving well

optimization problem generated from parameter values
obtained from field observations at the Lauswiesen site close
to Tübingen in Germany. It is formulated as an advective
control problem that involves the adjustment of both well
positions and extraction rates of a single well or a gallery of
five wells. The objective is the minimization of the total
extraction rate, which is a typical task in the design of
pump‐and‐treat systems in practice. The uncertainty in the
groundwater model prediction is considered to be due to the
variability of the spatially distributed hydraulic conductivity.
We assumed a hypothetical situation with a limited number of
borehole measurements of aquifer properties and hydraulic

head. These measurements were then employed for the con-
ditioning of 1000 equally probable conductivity fields.
[78] The optimization of the complex moving‐well pro-

blems is carried out repeatedly for obtaining statistically
representative results. Of major interest are optimality, reli-
ability and computational demand. The best solution per each
optimization run is examined in a postaudit with the entire
ensemble of realizations to determine its reliability. We
compared random sampling of constant, small sets of reali-
zations to our probabilistic approach and identified sub-
stantial improvements: random sampling hardly delivers
high‐reliability solutions, even if the evaluation stack size
is large (>25). In contrast, by stack ordering, reliabilities
converge to the maximum of 100% already at small stack
sizes of 10–15, while the identified well configurations are
close to the optimal solutions. However, this number appears
to be problem‐specific, and rises with problem dimension-
ality. A small decay factor that forces sampling of new rea-
lizations to the evaluation stack is recommendable for small
stack sizes. For the example application of this study, we
found that ‐ if included at all ‐ the decay factor should
decrease with increasing evaluation stack size. The presented
empirical relationship can serve as first reference for other
applications.
[79] In general, the presented procedure is shown to be

very robust for a broad range of the two controlling para-
meters, the evaluation stack size and the decay factor. If a
very small stack size does not yield a satisfactory solution,
it may be increased in a subsequent optimization run. This
sounds like an inconvenience for a couple of unfavorable
trial runs, but please note that the computational demand for
trials with small stack sizes is very low. For the well‐layout
problem of this study, we could demonstrate that even
subideal settings for stack ordering yield well‐optimized and
highly reliable solutions. The computational savings were
in a range of values above 99%. This number of course
depends on the total number of realizations considered, and

Table 4b. Results From Validation With Four Problem Cases of Different Hydraulic Conductivity Distribution for the Five‐Well Case\
Seval

a

Median Nominal Reliability (%) Median Number of Model Runs

CMA‐ES, 25 CMA‐ES, Dynamic DE, 25 DE, Dynamic CMA‐ES, 25 CMA‐ES, Dynamic DE, 25 DE, Dynamic

Lauswiesen, five wells 100 100 99.8 99.9 46,860 60,570 43,170 46,140
Problem A, five wells 99.8 100 99.6 99.9 57,180 40,620 61,740 36,660
Problem B, five wells 99.9 100 99.9 99.9 58,260 45,060 55,920 44,220
Problem C, five wells 99.8 100 98.7 99.9 56,280 44,880 54,870 37,200
Problem D, five wells 99.8 100 99.6 99.7 57,600 39,510 66,570 25,260
Mean 99.9 100 99.5 99.9 55,236 46,128 56,454 37,896

aDynamic stack size with restrictive implementation.

Table 4a. Results From Validation With Four Problem Cases of Different Hydraulic Conductivity Distribution for the Single‐Well Case\
Seval

a

Median Nominal Reliability (%) Median Number of Model Runs

CMA‐ES, 15 CMA‐ES, Dynamic DE, 15 DE, Dynamic CMA‐ES, 15 CMA‐ES, Dynamic DE, 15 DE, Dynamic

Lauswiesen, single well 99.9 99.8 99.9 99.4 5838 4347 6363 3269
Problem A, single well 99.9 99.8 100 99.5 6468 3927 5635 3199
Problem B, single well 99.8 99.8 99.8 99.0 6314 3934 6531 3129
Problem C, single well 99.8 99.9 99.3 99.6 6356 4900 5796 3458
Problem D, single well 99.8 99.9 99.9 99.8 6398 3500 5222 2674
Mean 99.8 99.8 99.8 99.5 6275 4122 5909 3146

aDynamic stack size with restrictive implementation.
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in other cases a much smaller number than 1000 realizations
may be representative. However, assuming same perfor-
mance of the solution procedure, computational savings still
would be around 90% when, for example, only 100 reali-
zations are selected. This makes even complex multiple‐
realization problems tractable on personal computers. Not
the total number of model realizations but their variability
determines the required effort.
[80] As an alternative to a priori fixed evaluation stack

size, also a straightforward dynamic stack size adjustment is
presented. Its major advantage is that is quasi parameter‐free
procedure, for which two different variants are suggested, a
restrictive and a conservative. Both perform well in partic-
ular for higher‐dimensional problems such as the examined
five‐well case. Computational savings for the study site are
still in the order of 98% and higher.
[81] For the development of the method, a moving well

problem was selected and comprehensively studied. In
order to assess the general validity of the results, alternative
optimization problems are set up and solved by the derived
method specification. The results of this test confirm a
robust applicability of stack ordering to related problems,
but also they indicate its potential for totally different
complex reliability‐based problems of water management.
In fact, we selected this well placement problem because it
arises commonly in practice and is usually of high mathe-
matical complexity owing to the spatial dependency of the
hydraulic effect on the individual wells. Furthermore, mul-
tiple well problems are hardly separable and in most cases
nonconvex. It can be expected that stack ordering is also
effective, if further nonlinearities are introduced, for exam-
ple by badly behaved cost functions or time dependencies. A
major advantage is that the presented procedure does not
make any assumptions about the source of uncertainty.
[82] One clear‐cut result is that stack ordering can be

applied with different optimization algorithms. As revealed
in this study, a high noise level can represent an obstacle for
the self‐adaptive CMA‐ES: however, to a lesser extent to
the static search mechanism of the DE. In contrast, already
for moderate stack sizes (>5) the CMA‐ES provided slightly
better results in terms of both optimality and reliability. This
may be interpreted as a better performance of the evolution
strategies in case of small (or no) noise.
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